The velocity distribution in the laminar boundary layers at the interface of two liquids in relative rectilinear motion, the thickness of the layers, and the stress at the interface are determined. Numerical results are given for nine cases of liquids in contact, including identical liquids and liquids with varying degrees of dissimilarity in characteristics. The evaluation of the desired quantities is based on Prandtl's boundary-layer t heory, and is carried out by a method of successive approximations. The numerical results are those given by the second approximation.
When a liquid of given density is flowing over a liquid of greater density, the latter being at rest, three successive forms of the interface are discernible as the velocity of the moving liquid is increased. To take a concrete example, let us assume that the flow takes place in a closed rectangular channel with a lower pool; the upper liquid is fresh water and the lower liquid is a solution of salt or sugar in water. First, at small velocities, the surface of separation is sharp and distinct, indicating, since the indices of refraction of the liquids are different, that the densities are discontinuous at the interface and the flow at the interface is laminar. The flow in the central part of the upper liquid, on the other hand, may be laminar or turbulent, depending on the size of the channel. Secondly, if the velocity of the upper liquid is gradually increased, at some critical velocity the smoothness of the separating surface first disappears, and then the surface becomes covered with surface waves traveling in the direction of the current and with a velocity slightly smaller than the velocity of the upper current. When the waves first appear, they are long- 303 crested, that is, the length of the crests normal to the direction of motion is greater than the spacing between the crests. The crest lines are parabolic, concave upstream, and highest at the center of the channel, but flattening out toward the channel wall. At this stage of the flow-and this perhaps is significant--the waves are stable and show no tendency to break. The waves travel with practically no deformation, except the tendency to grow slightly larger during their motion. Finally, when the velocity of the upper current exceeds the critical velocity, the waves become sharp-crested and the crests shorter. The waves no longer are stable; that is, portions of the crests break away from the waves and are thrown into the upper currcnt. These portions move forward and upward. In fact, this is the manner by which the mixing of the lower liquid with the moving liquid is brought about. When the velocity of the current is increased, still further within certain limits, the rate of mixing increases. At this stage of the flow, and this also is perhaps significant, the wave length is not affected by changes of velocity. These are the main results of observations made in a laboratory channel T here the depth of the upper current is not over 10 centimeters and the length of the channel is not over 10 meters.
A detailed explanation of these phenomena is lacking. A theoretical approach supplementing experimental knowledge should prove helpful. A theoretical investigation should begin with a study of the stability of the interface on the basis of the actual conditions in the neighborhood of the interface. One of these conditions is a discontinuity of density at the surface of separation. Another is a pair of laminar boundary layers on the two sides of the surface of separation. In this paper the thicknesses of these boundary layers and the velocity distributions within them are determined by means of successive approximations, on the assumption that the interface is a smooth, plane surface.
II. FORMULATION OF THE PROBLEM
A liquid of indefinite height and having initially a uniform velocity, V, meets and flows over a still liquid of indefinite depth. In general, the two liquids have different physical characteristics; that is, their viscosities and densities are not the same. It will be assumed that the lower liquid has the greater density. If the pressure is everywhere hydrostatic, the interface or surface of separation is a horizontal plane. Wilen V is sufficiently small the narrow region on both sides of the interface is a region of viscous laminar flow. Thus, the activating forces at the point where the moving liquid comes first in contact with the lower liquid are tangential and act in the horizontal direction; there is no normal force acting on the interface and hence the interface remains horizontal. Every particle of liquid on the interface moves with a constant velocity, Uo. The thickness of the viscous boundary layers in the two liquids is initially zero and increases with the length downstream (see fig. 1 ). In the upper layer the velocity in a vertical section increases from Uo to V; in the lower layer it decreases from Uo to o. It is proposed to evaluate the variation of the thickness of the laminar layer with the length of the interface, the variation of velocity in the two layers, the shearing stress at the interface and the dependence of these quantities on the physical characteristics of t.he two liquids. 
III. PRANDTL'S BOUNDARY-LAYER EQUATION
In order to avoid n egative values of ordinates two distinct sets of axes will be used, x, y for the upper liquid and x', y' for the lower liquid. See figure 1. The x-axes of the two sets coincide and lie in the plane of separation of the two liquids, the positive sense being in the direction of [;. The point at which the two liquids first come into contact will be taken as the origin. In the upper liquid, positive y is directed upward; in the lower liquid, positive y' is directed downward. The density, th e viscosity, and the kinematic viscosity of the upper liquid will be denoted by p, }.t and v, respectively, and the corresponding properties of the lower liquid by p', }.t', and v' , respec- tively. The parameter, r, defined as
is of special significance in this analysis, as will be seen subsequently. The basis of these computations is the boundary-layer equation of Prandtl for the two-dimensional flow of an incompressible fluid [1] 
where u and v are the components of velocity in the x and y directions, respectively, and p is the hydrostatic pressure.
I The figures in brackets indicate the litorature references at the cnd of this paper.
In view of the two-dimensional equation of continuity of an incompressible fluid, eq 4, the stream function, 1/1, may be introduced:
01/1
01/1 u= -Oy' v= ox' (5) Since, in the present case op/ox=O, eq 2, III terms of the stream function, becomes (6) This can be changed into an ordinary differential equation by choosing appropriate new variables. The physical basis for the ordinary differential equation is the similarity of flow in two vertical sections. A necessary condition for the similarity of flow is that the velocity at the interface Uo and the velocity at large values of y be constant. These conditions are fulfilled if the pressures are hydrostatic, which has already been assumed. Adopting a characteristic length 0, which is to be regarded as a function of x only, the new dimensionless variables for y and the stream function are TJ=ny/o, (7) and
where n is a dimensionless numerical constant as yet not specified. These variables are dimensionless. In terms of these, eq 6 now becomes
Thus, if we select ° to satisfy the relation or then, from eq 9, we have
(10) (11) which is Blasius' equation for the laminar boundary layer when the pressure is independent of x [2] .
In eq 10 the dependence of ° on :i is given except for the numerical value of n. We determine this by considering the velocity at large values of y. Now, 
where (13) and (14) A similar set of equations may be established for the lower liquid by using primes to distinguish the variables, 
or, using eq 1, (27) These are the six boundary conditions of the problem.
IV. APPROXIMATE EXPRESSIONS FOR THE STREAM FUNCTIONS
To solve the differential equations, eq 12 and 15, we shall resort to a method of approximations which is a modification of the method used by Pohlhausen for the solution of the Blasius plate problem [3] .
In this method certain approximate boundary conditions for large values of 17 and 17' are required. First, consider the upper moving liquid. Select the value 178 of 17 such that
where E is a small quantity, say 1/ 100 or any other smaller fraction. Denote the value of H corresponding to 178 by H s. Now, writing eq 12 in the form
and integrating between 17 = 178 and TJ = ro , we have
Integrating the right-hand member by parts, and neglecting the t erm multiplied by E, and making an obvious substitution from eq 29, using eq 28, we obtain
Treating the integral in the right-hand member agam ill the same manner, we obtain
If E is sufficiently small, that is, if H s is sufficiently large, the integral in the latter equation may be discarded, leaving
This is the approximate relation which exists between the first and second derivatives of H when fJ = fJ s. If we now suppose that H s is so large that 1 can be neglected compared to the sq uare of H s , then, in view of eq 28, 29, and :iO, we must have (31) Consider now the lower still liquid. We select the value fJs' of fJ',
where E' has the same general meaning as E. D enote the value of H' corresponding to fJ.' by Hs'. For values of fJ' larger than fJs' , eq 15 may be written in the form
Obviously, then (33) Now, in the method employed here, the end conditions for the large values of fJ and fJ' will be taken from eq 31 and 33 after assigning definite values to E and f'. The values assigned to E and E' have a bearing on the accuracy of the approximation and also govern the course of the computations. If E and E' are assigned values different from zero, the accuracy of the approximation is increased, but the analysis becomes more complicated. In order to simplify computations, we shall take 1:=1:' = 0 and adopt the following end conditions. For the upper liquid, we have (34) and for the lower liquid, YJs'. (35) These now replace the conditions implied by eq 22 and 23. With this choice of the end conditions, ' YJs and 'YJs' have simple geometric interpretations. Let Ys and y/ be the values of the distance from the interface corresponding to ' YJs and 'YJ,', respectively; that is, let (36) and
then y. and yo' are the thicknesses of the two laminar boundary layers at the interface.
We shall also need the following end conditions from eq 24, 25, 26, for the upper liquid,
and for the lower liquid, where [3] , we select the following oscillating algebraic functions as the expansion polynomials for this analysis:
and, in general,
where Using only the first three functions, we put Na Here ai, 'l/s, k2' and ka are constants to be determined. Integrating once with respect to '1/, we have
where J I , J 2 and J a are functions of a: 
where GI , G2, and Ga are functions of a:
55 G3=a-l0a a +2" a 4 -27a 5 +9a 6 • In this case, GI is derived from J I by integrating the latter with respect to ' 1/ and selecting the constant of integration so that GI =0 when 7]=0, and similarly for G2 and Ga. The constant ao is introduced in order to satisfy the second end conditions in eq 38. Integrating eq 42 with respect to 7], we have In these expressions there appear two types of constants. The constants kz and k3 are of one type and may be referred to as the expansion constants, since these are introduced because of N z and N3· The constants ao, at, and 1/. are of the other type and may be referred to as the basic constants, since ao relates to the interfacial velocity uo, ai, to the local shear and 1/. to the thickness of the laminar boundary layer in the upper liquid.
Reasoning in a similar manner, we have for the lower, still liquid,
1/ 1/.
and (47) where 
where (49) second,
where
third,
and fourth,
The remaining six relations may be obtained from eq 12 and 15 by using one of two methods.
In the first method the left-hand members of eq 12 and 15 are multiplied successively by N I , N 2 , and N 3 , and integrated with respect t.o a or a' between the limits 0 and 1 and set equal to zero, since L IS identically equal to zero. That is, putting (55) and (56) the desired six relations are The second method, which is the more familiar one, utilizes the following six relations [4] : The constants of the present problem have been determined, by using both of the above methods, and the results agreed to the same order of accuracy. The results obtained from eq 63 to 68 will be given here.
From eq 40, 41, and 43, we find from eq 55,
Substituting in eq 63 and integrating, we find that where and In a similar manner we obtain from eq 67 and 68 the two relations
( 8 1) Equations 48, 50, 52, 53, 69, 72, 78, 79, 80 , and 81 are the desired 10 relations for determining the 10 constants appearing in the expressions for Hand l-I' given by eq 43 and 47, respectively. In principle the determination of the constants in a direct manner is possible, but since this is tedious, it may be carried out by successive approximations. The successive approximations to the values of the constants give the successive approximations to the present boundary-layer problem.
VI. FIRST APPROXIMATE SOLUTION FOR THE LAMINAR BOUNDARY LAYERS
In the first approximate solution it is assumed that the expansion constants k2' ka, k2', and ka' are zero.
Consider the relations 
aI2=Alaoa/1)/ + A za1 3 1).3,

H. Hi
The numerical values of F o, F I , and GI are given in tables 3 and 4. It may be of interest to note that the case r2= CX) can be physically interpreted as representing the case in which the lower liquid has an infinite viscosity, which is obviously the case for a liquid flowing over a plate. The solution obtained here for r2= CX) is identical with Pohlhausen's fourth approximation. In the present analysis this constitutes only the first approximate solution.
VII. SECOND APPROXIMATE SOLUTION OF THE LAMINAR BOUNDARY LAYERS
Inserting the first approximate values of ao, aI, and ao', a/ from table 5 in eq 78, 79, 80, and 81, we obtain a set of values for k2' ka, k2" and ka', after discarding the squares and the higher powers of these constants. The results are given in table 6 for the various values of r2. ~ . .
H.
Ho' 
VIII. QUALITY OF THE APPROXIMATIONS
The quality of the approximations may be studied conveniently by substituting the approximate expressions for H and H' and for their derivatives into the differential equations, eq 12 and 15, and then considering the magnitude of the remainders. Let the remainders be denoted by t:..L and t:"L': '3 3. drJ'2 If the ratios become smaller in the successive approximations, the magnitude of decrease is a measure of the improvements in the approximations.
We have computed these remainders only for the two extreme 0 .24 0 .18
FIGURE 2-Remainderi of the first and of the second approximatio1is for the case cases represented by r 2 =ro and r2=O. The values of the remainders together with the values of the third derivatives of H and H', are given in figures 2 and 3, respectively. The case of a liquid of finite viscosity moving over a liquid of infinite viscosity is represented by r2 = CD. As mentioned before, this is mathematically identical with the Blasius problem of flow over a plate. In examining the curves in figure 2 , we see that the amplitude of the oscillation of the remainder in the second approximate solution is only about half as large as in the first approximation, indicating that the improvement in the second approximate solution is appreciable. In the second approximate solution, the maximum value of the remainder is 0.027; the maximum value of the third derivative, 0.25. It is thus seen that the remainders are relatively small. In this same figure we give also the curve of the third derivative of H from the exact solution by Dryden [5] . The agreement between the second approximate solution and the exact solution is rather close. The velocity gradient at y=O, from the second approximate solution, is 1 ou
In the exact solution the corresponding coefficient has the value 0.3320, thus indicating that the error in the value of this quantity from the second approximate solution is only 0.39 percent. A liquid of infinite viscosity moving over a liquid of finite viscosity is represented by r2=O. Physically, it would seem that this is the case of a solid surface moving in a still liquid. The curves in figure 3 also show that in this case the r emainder of the second approximate solution has been r educed and has become about half as large as the corresponding quantity in the first approximate solution. But the accuracy obtained is not as satisfactory as in the case r2 = CD, since the remainders are relatively larger. Apparently to obtain the same degree of accuracy as was obtained in the case r2= co, and with the second approximation it will be necessary to introduce the expansion functions k4N 4 and ksNs.
IX. PHYSICALLY SIGNIFICANT QUANTITIES OF THE LAYERS
Among the quantities of the laminar layers at the interface of the two liquids, one at rest and the other moving over it, the following are of practical significance: (1) The intensity of the viscous stresses at the surface of separation, (2) the thickness of the layers, and (3) the distribution of the velocities in the layers. The computation of these quantities will be made, using the second approximate solution of the analysis.
LOCAL STRESS AT THE SURFACE OF SEPARATION
The stress in question is determined from the velocity gradient of the upper liquid at the surface of separation:
• ... :m. IQ 
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Substituting from eq 14,
If we use the velocity gradient of the lower liquid, we obtain in the same manner,
we have the local stresses
The computed values of sand 8' as functions of r2 are given in table 9. T'= (p.'p')/(p.p) T'
• .' '"
. 6612
THICKNESSES OF THE LAYERS
Since the velocities in the laminar boundary layers approach the limiting values in an asymptotic manner, the definition of the thickness of the layers becomes a matter of convention. Of particular utility are the following definitions. See figure 4 . A more suggestive picture of the velocity distribution is obtained by plotting u/ U against y /y" y now being the distance from the surface of separation to a point, above or below the surface, and y .. being the boundary thickness of the layer situated in the upper liquid. Figure  5 gives the velocities for identical liquids, 11-= // and p= p/. Figure 6 gives the velocities for p ' = 7.85p and p'=1.14p . This case will be realized if we take water for the upper moving liquid and aqueous solution of 56 percent glycerol for the lower, still liquid, both being at 20° C. These two figures demonstrate the very large influence that the increased viscosity of the lower liquid has on the velocity distribution. 
X. TRANSVERSAL VELOCITIES OF THE LAYERS
In a sense, the boundary layer of the upper liquid acts as a pump, raising the small portions of the lower liquid to the level of the interface, then causing these portions to move horizontally. So long as these motions as required by the theory are not interfered with, the steadiness of the layer will be assured.
The author acknowledges gratefully the editorial assistance in the preparation of this paper furnished by George W. Patterson, and also the valuable suggestions offered by Galen B. Schubauer. with even central differences of F(x). Table II : Jio(x) to 10 decimal places, for x=3(.I)10(1)22 with even central differences up to x=I00. Table III : "Reduced" derivatives of F(x) for x=1Q(1)21 and n=O(I)13, to 12 decimal places.
(Reprinted from J. Math. Phys., June 1943.) 7 pages, with cover, 25 cents.
MT22. Table of Coefficients in Numerical Integration Formulae:
The values of B(n) n(I)/n! and B(n) n In! where B(n) n(l) denotes the nth Bernoulli polynomial of the nth order for x=1 and B(n). denotes the nth Bernoulli number of the nth order, were computed for n= 1, 2, ... 20. The quantities B(n) n(I)/n! are required in the Laplace formula of numerical integration employing forward differences, as well as in the Gregory formula. The quantities B( n) n/n' are used in the Laplace formula employing backward differences.
(Reprinted from J. Math. Phys., June 1943.) 2 pages, with cover, 25 cents.
MT23. TABLE OF FOURIER CoEFFICIENTS.
Whenever If' (x) is a known polynomial whose degree does not exceed 10, the present table of the func tions S(~,!1)= J\k sin n"lrX dx and C(~,n= J\k cos n"lrx dx to lQD(I<~<lO,l<n<l00), will facilitate the evaluation of the first hund, ed Fourier Coefficients.
Reprinted from J. Math. Phys. Sept., 1 )43.) 11 pages, with cover, 25 cents.
MT24. CoEFFICIENTS FOR NUMERICAL DIFFERENTIATION WITH CENTRAL DIFFERENCES.
Coefficients are given for derivatives as far as the 52d. For the first 30 derivatives, exact values are given for coefficients of the first 30 differences, and also exact values are given for some coefficients of differences beyond the 30th. For the other coefficients, values are given to 18 significant figures.
(Reprinted from J. Math. Phys., Sept. 1943 ) 21 pages, with cover, 25 cents.
Payment is required in advance. Make remittance payable to the "National Bureau of Standards," and send with order, using the blank form facing page 3 of the cover.
A mailing list is maintained for those who desire to receive announcements regarding new tables as they become available.
